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Work and Energy

If F = F (x) is the distributed force acting on a particle occupying
position x in the body and u = u(x) is the displacement of the
particle, then the work done on the particle is F · u, and the total
work done on the body is the sum of work done on all particles of
the body

W =
∫

Ω
F · u dΩ =

∫
Ω
FiuidΩ,

where Ω denotes the volume of the body.



Work and Energy

If a body is subjected to point forces F 1, F 2, etc. that displace
the points of action by displacements u1, u2, etc., respectively,
then the work done by the forces on the body is the sum of the
work done by individual forces

W = F 1 · u1 + F 2 · u2 + · · · =
∑
i

F i · ui.

Note that in this case, F i and ui are not vector functions but
constant vectors. Similarly can be obtained for moments M i and
angles θi

W =
∑
i

M i · θi.



Work and Energy

Energy is the capacity to do work. It is a measure of the capacity
of all forces that can be associated with matter to perform work.
Work is performed on a body through a change in energy. The
energy E of a body acted upon by time-dependent forces
F = F (x, t) is given by the expression

E =
∫ t1

t0

∫
Ω
F · u dΩdt =

∫ t1

t0

∫
Ω
FiuidΩdt.

Both work and energy are scalars that are independent of the
coordinate system used to express them. The choice of the
coordinate system only dictates the components of force and
displacement, but their product is the same in any coordinate
system.



Strain Energy and Complementary Strain Energy

The stress components σij can be evaluated from the strain energy
density function U0 under the conditions, that it is independent of
the temperature T and the loading process of the body is
isothermal, as it was shown in Lecture 4. The existence of a scalar
function U0 = U0(eij) depending on strains only, from which the
stresses are derivable, is of special importance. Such stresses
satisfy the energy equation and they are said to be conservative.
Hence, under the isothermal conditions, we have

∂U0
∂eij

= σij or dU0 = σijdeij .



Strain Energy and Complementary Strain Energy

The previous expression is valid for all elastic bodies with linear or
nonlinear strain-displacement relations. The complement to the
strain energy density U0 with respect to the double-dot product
σijeij is the so-called complementary strain energy density, U∗

0 ,
which can be computed from

U∗
0 =

∫ σij

0
eijdσij .

For linear elastic materials, we have

U0 = 1
2cijkleijekl, U∗

0 = 1
2Sijklσijσkl

and U0 = U∗
0 .



Strain Energy and Complementary Strain Energy

The strain energy U and complementary strain energy U∗ of an
elastic body are given by

U =
∫

Ω
U0dΩ, U∗ =

∫
Ω
U∗

0dΩ.

Analogous to the relation between the stresses σij and the strain
energy density U0, the strains eij are computed from

eij = ∂U∗
0

∂σij
.



Strain Energy and Complementary Strain Energy

It should be noted, that both the strain energy density U0 and the
complementary energy density U∗

0 can be expressed either in terms
of displacements or in terms of forces. The expressions for strain
energy U and complementary energy U∗ of a beam experiencing
bending moment My = My(x), axial force N = N(x), transverse
displacement w and axial displacement u, but neglecting the shear
forces Vz = Vz(x), are as follows

U = 1
2

∫ L

0

EI (d2w

dx2

)2

+ EA

(
du

dx

)2
 dx,

U∗ = 1
2

∫ L

0

(
M2
y

EI
+ N2

EA

)
dx.



Hamilton’s principle

The work done on the body at time t by the resultant force in
moving through the virtual displacement δu is given by the
expression ∫

Ω
f · δu dΩ +

∫
S2
t̂ · δu dS −

∫
Ω
σ : δe dΩ,

where f is the body force vector, t̂ is the specified surface stress
vector acting on the subdomain S2 of the boundary S and σ and e
are the stress and strain tensors.



Hamilton’s principle

The symbol δ means variation of the displacements δu and strains
δe. It is treated the same as the differential, i.e. for displacements
u and v we have

δ(u± v) = δu± δv,
δ(uv) = δuv + uδv,

δ

(
u

v

)
= δuv − uδv

v2 ,

but unlike the differential, no restrictions to the quality are required
on u = u(x) or v = v(x) as the functions of the position x.



Hamilton’s principle

The variation δu or δe means the virtual displacements or virtual
strains, respectively, which represent any admissible displacements
or deformations of the body at the point x under the conditions
that the geometric constrains of the system are not violated and all
forces are fixed at their actual equilibrium values.



Hamilton’s principle

The term ∫
Ω
σ : δe dΩ

in previous expression represents the virtual work of internal forces
stored in the body (as the consequence, it is negative). The strains
δe are assumed to be compatible in the sense that the
strain-displacement relations

eij = 1
2

(
∂ui
∂xj

+ ∂uj
∂xi

)

are satisfied.



Hamilton’s principle
The work done by the inertia force ma in moving through the
virtual displacement δu is given by∫

Ω
ρ
∂2u

∂t2
· δu dΩ,

where ρ is the mass density (can be a function of position) of the
medium. We have from the Newton’s law of motion for continuous
body

F −ma = 0

the following relation∫ t2

t1

[(∫
Ω
f · δu dΩ +

∫
S2
t̂ · δu dS −

∫
Ω
σ : δe dΩ

)
−
∫

Ω
ρ
∂2u

∂t2
· δu dΩ

]
dt = 0.



Hamilton’s principle
Integrating the first term of the previous equation by parts∫ t2

t1

∫
Ω
ρ
∂2u

∂t2
· δu dΩ

=
[
ρ
∂u

∂t
· δu dΩ

]t2
t1

−
∫ t2

t1

(∫
Ω
ρ
∂u

∂t
· ∂δu
∂t

dΩ
)
dt

=
[
ρ
∂u

∂t
· δu dΩ

]t2
t1

−
∫ t2

t1
δ

(∫
Ω

ρ

2
∂u

∂t
· ∂u
∂t

dΩ
)
dt,

considering δu(t1) = δu(t2) = 0, the forces f and t̂ to be
conservative and that the strain energy density function U0 exists,
then the general form of Hamilton’s principle for a continuous
medium is obtained

δ

∫ t2

t1
Ldt = 0,

where L is the Lagrangian.



Hamilton’s principle
Hamilton’s principle for a continuous medium is

δ

∫ t2

t1
Ldt = 0,

where the Lagrangian is defined as

L = K − (V + U)

and K, V and U are the kinetic energy, potential energy of external
forces and strain energy, respectively, given by the equations

K =
∫

Ω

ρ

2
∂u

∂t
· ∂u
∂t

dΩ,

V = −
∫

Ω
f · u dΩ−

∫
S2
t̂ · u dS,

U =
∫

Ω
U0dΩ, U0 = U0(eij), σij = ∂U0

∂eij
.



Hamilton’s principle

The sum V and U is called the total potential energy Π of the
body

Π = V + U

and the Lagrangian can be written in the form

L = K −Π.



Hamilton’s principle
Integration of the third term in the Lagrangian of Hamilton’s
principle by parts and applying the divergence theorem, i.e.∫
v
σijδeijdΩ =

∫
Ω
σij

∂δui
∂xj

dΩ =
∫

Ω

∂

∂xj
(σijδui)dΩ−

∫
Ω

∂σij
∂xj

δuidΩ

=
∫
S2
njσijδuidS −

∫
Ω

∂σij
∂xj

δuidΩ

=
∫
S2
tiδuidS −

∫
Ω

∂σij
∂xj

δuidΩ

leads to the so-called Euler-Lagrange equations associated with the
Lagrangian L such that

0 = δ

∫ t2

t1
Ldt

=
∫ t2

t1

[∫
Ω

(
ρ
∂2u

∂t2
− divσ − f

)
· δu dΩ +

∫
S2

(t− t̂) · δu dS
]
dt.



Hamilton’s principle

0 =
∫ t2

t1

[∫
Ω

(
ρ
∂2u

∂t2
− divσ − f

)
· δu dΩ +

∫
S2

(t− t̂) · δu dS
]
dt.

Because δu is arbitrary for t ∈ (t1, t2), for x in Ω and also on S2,
it follows that

ρ
∂2u

∂t2
− divσ − f = 0 in Ω,

t− t̂ = 0 on S2.

These are the Euler-Lagrange equations of elastic body.



Hamilton’s principle: Examples
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Hamilton’s principle: Examples



Thank you!


