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Work and Energy

If FF = F(x) is the distributed force acting on a particle occupying
position @ in the body and u = u(x) is the displacement of the

particle, then the work done on the particle is F' - u, and the total
work done on the body is the sum of work done on all particles of

the body
Q Q

where €) denotes the volume of the body.



Work and Energy

If a body is subjected to point forces F'1, F'o, etc. that displace
the points of action by displacements w1, uo, etc., respectively,
then the work done by the forces on the body is the sum of the
work done by individual forces

WZFl-U1+F2'UQ+"‘:ZFi'ui.
%

Note that in this case, F'; and u; are not vector functions but
constant vectors. Similarly can be obtained for moments M; and
angles 6,

W=> M,-6,.



Work and Energy

Energy is the capacity to do work. It is a measure of the capacity
of all forces that can be associated with matter to perform work.
Work is performed on a body through a change in energy. The
energy F of a body acted upon by time-dependent forces

F = F(x,t) is given by the expression

t t
p= [ / F-udet:/l/ FouydQdt.
to JQ to Q

Both work and energy are scalars that are independent of the
coordinate system used to express them. The choice of the
coordinate system only dictates the components of force and
displacement, but their product is the same in any coordinate
system.



Strain Energy and Complementary Strain Energy

The stress components o;; can be evaluated from the strain energy
density function Uy under the conditions, that it is independent of
the temperature T' and the loading process of the body is
isothermal, as it was shown in Lecture 4. The existence of a scalar
function Uy = Up(e;;) depending on strains only, from which the
stresses are derivable, is of special importance. Such stresses
satisfy the energy equation and they are said to be conservative.
Hence, under the isothermal conditions, we have

oUy

- — 045 Or dUo = aijdeij.
Beij



Strain Energy and Complementary Strain Energy

The previous expression is valid for all elastic bodies with linear or
nonlinear strain-displacement relations. The complement to the
strain energy density Uy with respect to the double-dot product
o;jei; is the so-called complementary strain energy density, Uj,
which can be computed from

* Uij
UO :/ eijdo'ij-
0
For linear elastic materials, we have

1 1
Up = 5 Cighl€ijChl; Uy = §Sijklo'ij0kl

and Uy = Uj.



Strain Energy and Complementary Strain Energy

The strain energy U and complementary strain energy U* of an
elastic body are given by

U:/ UpdQ), U* :/ U do.
Q Q

Analogous to the relation between the stresses o;; and the strain
energy density Up, the strains ¢;; are computed from

U
80’ij '

€ij =



Strain Energy and Complementary Strain Energy

It should be noted, that both the strain energy density Uy and the
complementary energy density Uj can be expressed either in terms
of displacements or in terms of forces. The expressions for strain
energy U and complementary energy U* of a beam experiencing
bending moment M, = M, (z), axial force N = N(x), transverse
displacement w and axial displacement u, but neglecting the shear
forces V, = V,(x), are as follows

2/ EI(dx2> +EA<Z§)]da:,
v=1 [ <M2 N2>dw.




Hamilton's principle

The work done on the body at time t by the resultant force in
moving through the virtual displacement du is given by the
expression

/f-éud(H—/ i-audS—/azaedQ,
Q So Q

where f is the body force vector, % is the specified surface stress
vector acting on the subdomain Sy of the boundary S and o and e
are the stress and strain tensors.



Hamilton's principle

The symbol é means variation of the displacements du and strains
de. It is treated the same as the differential, i.e. for displacements
u and v we have

d(u £+ v) = du + v,
d(uv) = duv + uowv,

5 (u> _ ouv — u6v7

v v?2

but unlike the differential, no restrictions to the quality are required
on u = u(x) or v = v(x) as the functions of the position .



Hamilton's principle

The variation du or e means the virtual displacements or virtual
strains, respectively, which represent any admissible displacements
or deformations of the body at the point & under the conditions
that the geometric constrains of the system are not violated and all
forces are fixed at their actual equilibrium values.



Hamilton's principle

The term
/ o :dedf)
Q

in previous expression represents the virtual work of internal forces
stored in the body (as the consequence, it is negative). The strains
de are assumed to be compatible in the sense that the
strain-displacement relations

o 1 8ul + auj
“ij = 2 8£Uj aﬂiz

are satisfied.



Hamilton's principle

The work done by the inertia force ma in moving through the
virtual displacement du is given by

Y sud,
/patQ oud

where p is the mass density (can be a function of position) of the

medium. We have from the Newton's law of motion for continuous
body

F—ma=0

the following relation

/: K/Qf’d“dQJr/Sj-éudS—/a:(sedQ)

Q =0.
/p8t2 -dud ]dt 0



Hamilton's principle

Integrating the first term of the previous equation by parts

to
ou t2 du 0Odu
[at 5udQLl / (/pat dQ)d
8u t2 t2 pou Ou

considering du(t1) = du(te) = 0, the forces f and t to be
conservative and that the strain energy density function Uy exists,
then the general form of Hamilton’s principle for a continuous
medium is obtained .
2
0 Ldt = 0,

t1

where L is the Lagrangian.



Hamilton's principle

Hamilton’s principle for a continuous medium is

to
) Ldt =0,

t1

where the Lagrangian is defined as
L=K-—-(V+U)

and K, V and U are the kinetic energy, potential energy of external
forces and strain energy, respectively, given by the equations

_/pf’)‘u ou

Ja20t ot 7

V:—/f-udQ— t-uds,
Q S

oUy

U= / Uon, Uo = U(](@Z‘j), Oij = 87
Q €ij



Hamilton's principle

The sum V and U is called the total potential energy 11 of the
body
N=v+U

and the Lagrangian can be written in the form

L=K-1I



Hamilton's principle
Integration of the third term in the Lagrangian of Hamilton's
principle by parts and applying the divergence theorem, i.e.

/v 01j0e:;dL = / oij %‘Z’dg / a:cj (040u;)d2 — 9?9(;; Su;d)

— [ n i»duidS—/ %45 01,400
/52 §Oij o 0

— [ tsuds - / 094 s10:d0)
S o 0x;

leads to the so-called Euler-Lagrange equations associated with the
Lagrangian L such that

to
0=9¢ Ldt
t1

t2 0*u ) 4
= / Prm —dive — f | -6udQ+ [ (t—1t) dudS|dt.
t1 Q 6t S



Hamilton's principle

t2 32 )
Oz/lt1 [/( 32 —dive — f).&udQ—i— SQ(t_t).gudS] dt.

Because du is arbitrary for ¢t € (t1,t2), for  in © and also on Sy,
it follows that

These are the Euler-Lagrange equations of elastic body.



Hamilton's principle: Examples

Example 01: Consider a beam loaded as shown in the figure. Derive the essewtial and natural boundary conditions
and determine the Euler equation.

2 s — The potential energy of beam is

TUW)- X IES ““\ gu\}u—?u(q

L where W is the axial displacement of a beam

The first variation of € s fthe Young's modulus of elasticity

+he potential TTHw is

M- 1S 2(8) B g \u- T,

where 8o ig gy arbitrary function of ﬂ/\@ coordtami‘c % . Integrating by parts we get
du u ddu 4 du -
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Hamilton's principle: Examples

Becanse Cu is arbitrary for all xe (o)
the Euler's equation is obtained from the min. of potential evergy, ie. ST~
gk )ane o omr
T+t is assumed, the fulfilling of the boundary condition Su(ey = for x=0,
thew, the last expression in potential is zero automatically and the wmiddle ove is zero, if
ES %‘A% ~F =0 for x=L

which is the so-called watural boundary condition.



Hamilton's principle: Examples

Example 0.2 Let derive the Euler's equation and the corresponding boundary conditions for
the three-dimensional elastic body.

The potential energy of +the linearly elastic three-dimnesional body is
W - § (!zﬂ;ui-ﬁm\ﬂ“"ggzwzi@\
v v

where the Einstein's summation is used | 6 is a stress tewsor, @i is the strain tensor -/
Ciare the tractions andy, are displacements . 2, is part of boundary of V, along which +he tractions
are preseribed and & s the part of the boundary with prescribed w:like displacements
We suppose the Hooke's law and small deformations
Gij = Zneq  ASyjey,

YTV
\ Eijaz(m,)«uxﬂ\

where A, w are Lame constants Y is Kronecker's & wij is the derivative of ui
= with respect +o X,
For potential TT(w) we get P )

TG :%V (12 (Z}d,i'l —»X&'\Qu} B - i’,\u;](l_(/ = %3}6“243
T -3, T (et Mg end -Gl - (e TwdSs
V()= §, [4(2p 4 (g megi Loy TN88 Ly wup) 4 () - Su Jdu -
/T Yy Lz
- \ Lo, 48
gl

z -
Ty = gv( ip (s #UL};B + % ae (Oiu) 2w -ﬂu;]cl\/ - &:;u; de



Hamilton's principle: Examples

)= §, T g e i wg = § G {0 - o Fucds
The minimum of potential energy T (u Yo gives
ST(ud= QV [ o2l ) - CBug < Suy ) + Pheugsug - sy [V - %sz—[_"(;dg‘o
2
STM(we) = %\1 [ %}A (‘*i\i4u|.\’3(&u1‘\+5b\i,;> AU Su - 6o Su 1 - ggf_fu;cls -5
The integration by parts leads to
%V I Smi'\ (ui,iiu‘)\}\ + ouy (Mi.‘)§4 u‘\\;D ]d\/ - Qg Sug (u;‘\ Aty D) " ds
‘ \V[g‘ﬂu\l‘ Wig + St U 1&1/ = K&&Au_ Ui M 4S
So after the substitution of the expressions
X\: (u"i —tuxﬂ&ﬁug dV= — %V (L{{\“\A\ W) Sue JV + QS (u:."«u\‘;\""}&\i&%
Xv Wig S AV - — Q\J wige Su dV 4§ o Wi Dy, &S
+o the condition  TXwH= O we get
- gv [iz},\ K"‘L-)i ) Sug 4 (Ui ange) Sug ‘k SN Wi By, 4 Su; 1 VY]

S Al dmen s geoomag|as + G st - § Tl o
z



Hamilton's principle: Examples

- %V (/A (uq)uu\\a\\&ui AU Bu Qo bug LW+ Q'g[/A (u;‘) Sui Yngdas ¢ My 0B |4S
= \g Wds -0
- gv [:/A R 18w QU+ RS [/A(Uu,i Ui njBuy + Mu,&m‘)&c]ﬂ - (SE,‘&A( d&=0
- G Dl hna <0 180 40+ G Tl + 2o 1B ds - (g Tibug e -0
=G L gt otk G 1 S U (osynisue -8 Egu le -0
However 6"1‘"3 = & and these are non-zero only on part S, of bowndary' S | so
- Q\, U(uaim]ﬂ] N+ 'H Sug AV + Qg(ei{» NYSucdS <0
(2

and we get Euler's equation with natural boundary condition

/A(Mi\') -\u&‘i\* A+ G =0 ve U

- K G Sz
This edaution is called Navier's edaution of the elasticity.



Hamilton's principle: Examples

Ex. 0.2
Let mivimalize the functional L= iQ Cx7 7x)¢& under the condition that L= § ()( +L1 j

L is aconstant
The wivimization of the functional leads +o Euler's equations
&, &, 'y £ .
N R NG TR I AN AT LS
where \ is the Lagrange's muttiplier, which must be constant in this case
£, ’ t, 4
Lm0 = L (B s —5yi B ) A G 8GR (s +2484) e
= Zgéq[ﬂgx TR (‘(&‘D KSU) - x &j (‘))gx> 1—‘5&\&&% +
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N I
- 3l |5yt e
o =185 2 nd o _
’.Z& 2[2\1 ~§‘CI)\(XZ+\,\Z) xlk&x*i u [\(K ”1 3 le&]g&
1
+ iz [ ><$l,s — (38,( FEON (;g V\z} ?(xg,dl,;é%\lh

-t
From the condition that 3x=8\,\=0 and (i?.wi’\ 2 ( xEx +L1&7 3 =O  we get



Hamilton's principle: Examples

Y, x 4
S e b - T e i 1T

From which follows

14 _
97z Earore ©

1d g
il %;;,;11: ©
Under the condition that

o | 4
L=, Ofg) de

X



Hamilton's principle: Examples

Example 0.$: Consider the beam for which we have to find corresponding Euler's equations using the principle
of minimum of potential evergy.

g~ ot

L € - Moung's modul of elasticity
:: X 1 - cross-section moment of inertia.
£

¢ L
- =

A

The potential energy of the beam is

= \: 12 (48) qo Lo -Tuwy
under the condition

dw
/ATL'“Q"O

and the fulfilling of the boundary constions
w c\? =0 [ x=0 1

where w  is the deflection and R is the rotation of the beam. we must mimimalize +he functional

. L
L= S IR Yo I - Tty 4 Y (B ek



Hamilton's principle: Examples

5’5"%[%2%63‘5*%%&& - F Sy 4 XZ%%%*‘(’\}*A(S%*&QXQ
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D:\D Ei\[tiéﬁéﬁl - i[mi—“ﬂg? + %g\u + (?:i‘evng*j;‘[)\gw’& _

- 2%5(» « XS(QSQLX - TSw(ey
o \K('im%{\”\g? NCHS ARG ST PLY F

- Tow) 4 [E ‘éfi&e 1: 4 [A&u]:
Choosing 3¢ = 8w =0 for »=O we get .
dx -
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“Youy + (B3 1,58 + MO8
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From which ;Colows

drod '
-l oo Fo=0 pe sl
d
B o S0 et
dw and from the equlibrium eqanations we get k (<D =TGN,

I TR @



Hamilton's principle: Examples

Example 0.5: Let determine the work of exterval forces and internal work of spring of the stiffuess k.

A very slow spring extension is assumed and conseduently the dynamic effects can be neglected

el
pid
«

W, 7 - W <
W +We # 0D

The work of external forces: -
78 FA"‘“‘%
L Wy = —(‘F&.—x‘b:_w.%.ﬂe
A : N
X”FL - ¢ I‘\l ;E!‘ —We
Te m il
>
A%
The work of interwal forces of the spring
PR
% ¥$‘ l&')(
ke e Yo xo
W, = - IR AT
A 1 %Dﬁcb«v gok-x4x~[2kxl ZL“’(”
X -~
L:FS

'Fg= T’c pe Xe=g




Hamilton's principle: Examples

If the static eauilibrivm is reacned (¥, -Fo) let caleulate the change of the work of exterual and
nternal forces as the consequence of ax representio the infivitelly small spring extension:

aWe = -Fcax = -wgax B

aW, = Fax = L_.“ ax

AW =-aWe => aW4 aWe=0 = <\<y¢,— w&)mu [®)

= lexo “wo=0 => ?e;?¢



Hamilton's principle: Examples

Exaample 0.6: Express the work of the nternal load and +he internal work of the springs
assuming an infinitesimal rotation of the rod from +the equilibrinm position.

—_ —>
[ J’F Exterval work:
iAW 2 / ; %AW
L, °
oW
L L \ I
Wl a >~

awe = = (Fiow + fl-00)

- (F1 2o + o)

e, waw +l, ©20 ~ - (FLa® -(Mb©3= —(FL1d) el
=5 2
A

~ (14202160 + 1,060 .

= (bl® 241 YO0 ~ ”““—’m Traso

2W = oW =5 FL-l WO | Uk <l @ => bkl UL,
Y

swW xaWe <O ¢=> Virtual displacement privciple.

Tuternal work:

sl = Fraw 1 s e



Hamilton's principle: Examples

Example 0.F: Consider the structure in the figure. Express a strain energy density Oo , complementary strain
energy devsity orx, the strain energy O and the complentary strain evergy 0
—t g
ETe &>
s- E pe t0

“E[z p &0

o
By

+
X

I ; _
) 2RtF=0=>T =-2¢
2. The stress in the members of the structure &
-8 2o =T, =RF
6,= i1 = EE _ LRRF
15, Lt - b, The strain evergy density of the members of the structure
hl €y € ' e
. 2o 24 3
ER I SRR | et de, - e [%ail;ﬂ—i- &
tT 2, T A= 2
“ _ ZE(‘.&’F1 :-‘ zflgl:? ZF(L,U’&F
2. The strain in the members of the structure THE e YJ4E )T
2 2" 3 2
I S ik . fiﬁz - AmRES
€ PO o= T34 TEACE
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Hamilton's principle: Examples

3 €, g
Oy ~ % 648, - \ —EF";,“Z i€, - +E \%W‘Lae

, = [ <1213 & = (»gz\g'
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Hamilton's principle: Examples

Example 0.9: Express the strain energy dewsity, the strain eneray, the complementary strain evergy density

and the strain energy devsity of the beam n classical Enler-Bervoulli beam theory

The displacements can be written as
T VO wew,
dx | \

where (te @ are displacemeuts at (x0) .

O Codh H-owedt v-(oé == -9t

H
dx :V%X?LO/ V- & =0
waé&y\’E<jl:‘zd_}”§3 .
o & due due O
0= Qz—:( SNt o e < s w2
o 2y H
XAE( 5 »2@—32&44 t = <¢\ 'S E‘l‘“"&;ﬁ,( 4}:: t\f‘:-a
A~ QAJA”,” 1= €, 2 )
Sy ~ 1=




Hamilton's principle: Examples

The strain energy devsity:

Vo~ SZ“%A&X - SQ“' Ctnde, = feel - fe (i

4(2
The strain evergy:
08 ber= § G te (e R Tacne - L [e (Y Quiete B eu
ve (R S la - 8 [a (e (32 T

The strain energy for the torsion:
. L €xo L (¥Y
0= G, i = §5 € (%000t dhdx = g Oy b, 226Exe uodhds -

-G, 2ot M- ek 0

The complementary strain energy dewsity:

B g. " [ Svo Sx-( %{
V3= § M eds « 2 Tedsmac 2\ T eetne - Londs + 2 gsuds
°

< z
+7»§ &ed&b— %—Ew\%

Sy
e "
The complementary strain eneragy:

o= §, 0% 4V<QQ(J+_4_93MJX_%“ +_E\ Z‘LCV_I%L
t zc( 1 dddye = z‘\ov{(%} JA +2'—J hglszJr (T) &‘z AAl %



Hamilton's principle: Examples

BT S £68 (T S £6,(5 )1 §

X
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Hamilton's principle: Examples

Example 0.9: Express the complementary strain energy devsity of the structure in +he figure.

_')—'5
i P
| v i

t

V< B,

My - Tuxg |
" L X3 g
7 A/ b Utgo<&*ﬁ>&*
PR —"
- ¥.€ (0,a) *igLVkJ
x1£ H“ o Ne= -R 2
i ’ ® Vo= P,
’ - o |
X R Moo - Bl - Bk,
?L
U= {12

4 &R b 2\ 2
BT ('PWD’L* _2'»2_;? ]A*’I— LN ROAY LPb

2EA =T 26A
o h\ S ks
U = \o I C (?\o~?;,,xz ¥ S?" 1éxz— a
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om?
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Hamilton's principle: Examples

Example 011: Caleulate the first variation of the following expressions

- -
F(M‘IA'\(AHX = qut+c, ( %) 4 Cg(j'l:t - *Cﬁud—li

'S

v dv \*
(R = qu v coqur g (%AQ* o ( &3 * e w(d:x
Solution:

= & g
SF ~ = &‘*m«‘ --g..~ = (2 vy 6*3&\)«?51;;“’-'1\4\ —Jaig o -;%

m]@“ ravsn e BB G E R+ (s a8 (g )8

bﬁt‘&q+§—(‘°-.3m'=
8,6- 7’6‘8 +bc’59 S 24vdy 4 cyudv 4’2c;i, I *q,i—" ’d% =

- (v ) s + (Y re Ai"\



Hamilton's principle: Examples

Example 0A0: Caleulate the first variation of the following functionals

L= §: [%(%‘XY* %“7*%1&

lp > \Q(%VM-VQ S%) & - Qviu‘uds

Solution:

3, - g: [ai—‘: ‘%‘ * bWy - 5w |

&, &_Q [ Vuvb - L8y | dx - %Fo(&uls
¢



Hamilton's principle: Examples

Example 011: Express the virtual work of exterval forces and internal forces of the rod in the firgure

s iSw-
— - 3
LM ¥ Solution: :
LV
77
w_’:—a‘e—k—'—"’l 2

S~ - (Fisw + h56) = - (FLoLenso + Jisw)
~ - (FLEO +480) - - (FL+M)5G

EW= % 8w + 150 < Lwdw 4 k050 ~ L, 0o £(A0) 41,056 - (L U* 11, Yo50



Hamilton's principle: Examples

Example 042 For the beam, express the virtual potential energy gy and complementary potential eneray
ST,

—h [9

Xq “> Posen” -
AR ] Li[l o
e R % ~

5 oms IELTTTTIILT L™

N CHOMESE L

“ N g
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swe = - [ [ (4,80 1B ) dx 4 Fow +REO) || Ll Sutsr-o | Su()-0 Suwio- 6
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? Ky d4?Sw . -
e = % -2 é:l):)l = By = ﬁ T2 ?;z’ | QA_QKJA:D leg"Y %J'A H
a2 L

Ew,= \\sw- JAdy - Q et didx ,Q 48

_ ot 6w d 6

Q T\T‘QGx(G:\AJX *Q U'&"\*‘QV\ oy

S5 (0% 0 )
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Hamilton's principle: Examples
L

SW - SW, + Ble - gb [U% - 4&“ - qudw- ngm]Jx - FSwm - T Suw)

Let suppose the linearly elastic material <y,

N - gs‘,dA (o b 34 = 4:( LAk g2

H= sthaaa :Q‘Ea,uA =€ QA“\ ‘%ﬁ M- -€ %lQA*z

= E Fux

R@[mbelgw to &
ﬁ«) d® &u L -

4 - > - Y

X *\ El —, dx goa(, w e Koq(‘ wdx

5T = K EA c\y

-FSw® - F8uW)
Next, let we suppose that the beam is loaded by the virtual forces S;T , 5% \ which are in

—— = ~>
equilibriam with the reactions F;K\F;,._’ a M

woy=o —
wioy 0 Ma=SFr-L o
wor0x

— i S‘F'f

- 2=
%, = —= —_
i B% iy = ST



Hamilton's principle: Examples

SUE = - [8F W) « sru() - 3Fweo) « (s L) (), . 5o |

[£Fwl) «SFHuy |
! ¢
9::\ Ei‘l\( \ iu: =g ,u: <— Let we assume defromation in the form
©)
M) B+ 26 S6 1 dhdy -

[ 12

B - Q (2mESn+ 260560 YAV = % \
§ e \gsﬁ,mw\L el #56u dAdx » \ 2e’ § 560 dha

6 sl s § 6 sndie ) 262 Vs
° L) o
s O (D50 4 £ 8 + 260 85U )k - [Su(0) « R (]

we assume the linearly elastic material again:

@ N [©} Y VR
bm i\, & = T, e = L
bs\/)ax - [erw +srud|

STT‘= 8:(%?"1 4%6}14.@\



Hamilton's principle: Examples

e ~o
f

Example DA4: Consider the structure n the figure and express the complimentary virtual work.

)
ST

swi (B Heni Ba)d
| The internal resulting forces and moments:
* O
. i l’h

\ Qé“ F‘B x(e\(o,b\
v A

— 1

Py F\
i i T = F,
- i =Ty
N
&F, lo -~
: & R %€ (0,0
K - +
= _l:b h.; d\g;__—;-—-—a——» U,f —FL
3 U %2
— -h
[0
a

M =-Fb ~t, %
| 5 We introduce the virtual loadings, which are in the equilibrium.
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The ntevral resukting forces and moments
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Hamilton's principle: Examples

st U % BV~ BF, | ST, = 5F, | 8¥, " SRb - ¥,

The complementary strain evergy:
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Hamilton's principle: Examples
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The total complementary strain energy of the beam
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The exterval virtual work
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Thank you!



