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Kinematics - Strain at Point

A measure of the deformation in a body is provided by the change
in the distance between points in the body. Consider two
neighboring points

P = (x1, x2, x3) and Q = (x1 + dx1, x2 + dx2, x3 + dx3)

in the reference configuration. Under the action of externally
applied forces, the body deforms and the points P and Q move to
new places

P = (ξ1, ξ2, ξ3) and Q = (ξ1 + dξ1, ξ2 + dξ2, ξ3 + dξ3).

Since points P and Q are arbitrary, the discussion applies to any
point in the body.



Kinematics - Strain at Point

The motion of a particle occupying position x in the undeformed
body to point ξ in the deformed body can be expressed by the
transformation

ξi = ξi(x1, x2, x3, t),

where t denotes time. By assumption a continuous medium cannot
have gaps or overlaps. Therefore, a one-to-one correspondence
exists between points in the undeformed body and points in the
deformed body. Consequently, a unique inverse to ξ holds

xi = xi(ξ1, ξ2, ξ3, t).



Kinematics - Strain at Point

If the distances between points P and Q is ds and the distance
between points P and Q is ds, then the measure of deformation of
the body is

(ds)2 − (ds)2 = dξidξi − dxidxi = 2εijdxidxj ,

where εij are the components of the Green strain tensor at point P

εij =
(
∂ξm

∂xi

∂ξm

∂xj
− δij

)
dxidxj .

The symbol δij is a Kronecker delta.
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The displacements can be written as

um = ξm − xm ⇒
∂ξm

∂xi
= ∂um

∂xi
+ δmi.

The substitution of this expression into

εij =
(
∂ξm

∂xi

∂ξm

∂xj
− δij

)
dxidxj

gives the expression of strains in terms of the displacements at
point P

εij = 1
2

(
∂ui

∂xj
+ ∂uj

∂xi
+ ∂um

∂xj

∂um

∂xj

)
.



Kinematics - Strain at Point

εij = 1
2

(
∂ui

∂xj
+ ∂uj

∂xi
+ ∂um

∂xj

∂um

∂xj

)
.

We will assume in the following that the displacement components
are small compared to unity, i.e.

∂ui

∂xj
� 1,

(
∂ui

∂xj

)2

≈ 0,

then strain components εij become the infinitesimal strain
components

eij = 1
2

(
∂ui

∂xj
+ ∂uj

∂xi

)
.



Kinematics - Strain at Point

Similarly to the stresses at a point, it is a matter of interest to
know the components of strain at a point in one coordinate
system, e.g. (x′

1, x
′
2, x

′
3), if they are known in the another

coordinate system (x1, x2, x3) at the same point. It is not difficult
to proof, that the tensor character of strain is associated with the
transformation relation

ε′
ij = aimajnεmn,

where
aij = e′

i · ej .



Compatibility Conditions
When the strain components are given, the determination of the
displacements is not always possible, because there are six strain
components related to three displacement components. There are
six differential equations involving three unknowns. Thus, the six
equations should be compatible with each other in the sense that
any three equations should give the same displacement field.
Assuming the infinitesimal strain components, the only way, how
to connect six partial differential equation

eij = 1
2

(
∂ui

∂xj
+ ∂uj

∂xi

)
.

and eliminate the components of displacements appearing in them,
is to derive them two times. Then it can be observed

∂2eij

∂xk∂xl
+ ∂2ekl

∂xi∂xj
= ∂2elj

∂xk∂xi
+ ∂2eki

∂xl∂xj
.



Compatibility Conditions

The equation

∂2eij

∂xk∂xl
+ ∂2ekl

∂xi∂xj
= ∂2elj

∂xk∂xi
+ ∂2eki

∂xl∂xj
.

forms the necessary and sufficient conditions for the existence of a
single-valued displacement field (when the strains are given). It is
81 equations, but only six of them are non trivial and different and
linearly independent from each other.



Compatibility Conditions

These compatibility equations are

∂2e11
∂x2

2
+ ∂2e22

∂x2
1

= 2 ∂2e12
∂x1∂x2

,

∂2e22
∂x2

3
+ ∂2e33

∂x2
2

= 2 ∂2e23
∂x2∂x3

,

∂2e11
∂x2

3
+ ∂2e33

∂x2
1

= 2 ∂2e13
∂x1∂x3

,

∂

∂x1

(
−∂e23
∂x1

+ ∂e13
∂x2

+ ∂e12
∂x3

)
= ∂2e11
∂x2∂x3

,

∂

∂x2

(
−∂e13
∂x2

+ ∂e12
∂x3

+ ∂e23
∂x1

)
= ∂2e22
∂x1∂x3

,

∂

∂x3

(
−∂e12
∂x3

+ ∂e23
∂x1

+ ∂e13
∂x2

)
= ∂2e33
∂x1∂x2

.
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Thank you!


