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Hamilton’s principle is the most general and basic principle of
mechanics, from which the Euler-Lagrange equations and other
laws of mechanics, as well as continuum mechanics, simply follow.
The body involving no motion or forces applied sufficiently slowly
that the motion is independent of time and the inertia forces are
negligible is considered in the following. A wide range of continuum
mechanics problems can be formulated so that this condition is
satisfied. The assumption of time-independent motion also allows
us to introduce several important variational methods capable of
finding solutions to fairly general continuum mechanics problems.



Unit-Dummy-Displacement Method

The principle of virtual work can be reduced to the form in the
case of quasi-static loading process

/f-éudQ+/ i.auds—/azaedazo,
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can be used to directly determine reaction forces and
displacements in structural problems. Consider the reaction force
(or moment) Ry at point 0 such, that

Ry = Ryey,

where e is the unit vector in the direction of the reaction Ry. We
prescribe a virtual displacement (or rotation) dug as

(S’U,() = (5UO60

at the point 0 in the elastic structure, but keep all other external
forces on the structure stationary.



Unit-Dummy-Displacement Method

The virtual strains (56%- owing to the virtual displacement duyg in
the direction eq are determined from the kinematic considerations.
Then the method of virtual work reads as

/fiéu?dQ—FRoéuo :/ 5U0dQ:/ Uij5€?jd9
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or for f =0 as
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where o;; are the actual stresses and 56% or 6ul are the virtual
strains or displacements, respectively, of the entire structure,
consistent with the geometric constrains.



Unit-Dummy-Displacement Method

Since dug is arbitrary, one can take dup = 1 and de; or du] denote
the virtual strains or displacements, respectively, corresponding to
the unit displacement at point 0. This procedure is called the
unit-dummy-displacement method and for the magnitude of the
reaction Ry we get

Fo= [ oo~ [ fioutae
Q Q

or if the volume loading f is zero-valued

Ro = | oijdelds.



Unit-Dummy-Load Method

The basic idea can be described in analogy with the
unit-dummy-displacement method. If the true displacement ug in
the direction of the unit vector ey, i.e.

Uup = uoe€o,

is at the point 0 of an elastic structure, we can prescribe a virtual
force Ry at that point and the same direction

(5R0 = (5R060.



Unit-Dummy-Load Method

The application of virtual force induces a system of virtual stresses
do;; that satisfy the equilibrium equations. Then, instead of
external work V' and potential U, their complementary
counterparts V* and U* as the complementary potential energy
IT* is used in the Hamilton's principle. Then the principle of total
complementary virtual work can be derive as follows

MI* =0=0V*4+0U" =0.



Unit-Dummy-Load Method

Consider
(5‘/* = —Ugp - 5R0 = —”U,()(sRo,

we have
widRo = [ sUGae = [ eyoofdn.
Q Q

Once again we can take § Ry = 1 and calculate corresponding
virtual internal stresses 50% from equilibrium equations. From the
previous equation consequently can be evaluated the magnitude of
the true displacement wug as follows

ug = [ ei;00%:dQ.
0 /{2 J 7



Castigliano's First Theorem

Consider a general three-dimensional structure that is in
equilibrium under the action of N forces

Fi :Fiei for i = 1,2,...,N,
where e; are unit vectors. Let
u; :uiei+ufef fori=1,2,...,N

be the displacement corresponding to the forces F;.



Castigliano's First Theorem

The unit vector e;- is orthogonal to the unit vector e; so the

displacement component uf does not contribute to the potential
energy of the external forces V', which is equal to

N
Vz—(éﬂ%—i-/gf-udﬂ),

because the displacements u; are points values, not functions of
positions. It is also worth to note that the previous procedure can
be used for moments M; and angles 6,.



Castigliano's First Theorem

We assume that the displacement functions w = w(uj, ug, ..., uy)
of the body can be expressed in terms of w;. Therefore, u; serve as
the generalized coordinates and the strain energy U of the body
can be expressed in terms of u;, i = 1,2,..., N. The total
potential energy of the body is given by

H:U+V:U(u1,u2,...,uN)—Z<Fiui—|—/f-udQ).
) Q
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Castigliano's First Theorem

For any virtual variation du; in the displacement u;, the variation
0IT in the total potential energy II must vanish

8U
5TT = ~ Fidu; — / £ 5uzdﬂ
8uz
oU ou
= — F; — . ou; =0 fori=1,2,...,N.

<8u2- /Q Ou; ) B ot
Since the variations duq, dus, ..., duy are independent of each
other, it follows that

: i =1,2,...,N
Z 8’“,1 /f ? » = Y

or for f = 0 the simplified expression is obtained

ou

F, =
7 8’&, )

i=1,2,...,N.



Castigliano's First Theorem

The previous equation is the general statement of Castigliano’s
first theorem: If the strain energy of a structural system can be
expressed in terms of N independent displacements uq,us, ..., uyn
corresponding to N specified forces Fy, Fs, ..., Fy, the first partial
derivative of the strain energy with respect to any displacement u;
(under the load F;) is equal to the force F; in the direction of ;.



Castigliano's First Theorem

The first Castigliano's theorem is a special case of the principle of
virtual displacements and equivalent to the
unit-dummy-displacement method if the virtual strains and
displacements of the entire structure 56 and u for unit
displacement dug =1 in

Ry = / oij0ed;dQ — / fiduddQ
Q Q

are differentiable with respect to ug and can be written to the form

Oe ou;
oe;; = L%O ou Luo X and du; [8

5UO}

(%] dug=1



Castigliano’s First Theorem

Then substituting these relations into

Ro = / 017060 — / f:5u0dQ
Q Q

leads to
oUy 8€kl / Ouy,
Ry = — —dQ
0 88kl 8UO fk
oUu ouy,
—dS,
Ouo /Qf Ouyg

which is the Castigliano’s first theorem for ¢ = 0.



Castigliano’s Second Theorem

Contrary to the first Castigliano’s theorem, the second one is based
on the total complementary energy principle. If a structural system
is in equilibrium under the action of IV forces

F,=Fe;, fori=1,2,...,N,

where e; are unit vectors, then the same procedure as presented
for the first Castigliano's theorem leads for the complementary
energy U* = U*(Fy, Fs, ..., Fy) to the equation

U
Rty

Us

This equation represents the Castigliano’s second theorem and u;
is the component of the displacement u; at the point of the point
force F';, which is in the direction of the unit vector e;.



Castigliano’s Second Theorem

A previous equation is valid for structures that are linearly elastic
as well as nonlinearly elastic. When they are linearly elastic, we
have U = U™ and one can express the strain energy in terms of
displacements U = U (u;) or forces U = U(F;). Hence, the
unit-dummy-load method is equivalent to the Castigliano’s second
theorem.



Betti's and Maxwell's Reciprocity Theorems

The principle of superposition is said to be hold for a linear elastic
body if the displacements obtained under a given set of forces is
equal to the sum of the individual displacements that would be
obtained by applying the single forces separately. On the other
hand, the principle of superposition is not valid for strain and
potential energies, because they are quadratic functions of
displacements or forces. In other words, when a linear elastic body
is subjected to more than one external force, the total work caused
by external forces is not equal to the sum of the works that are
obtained by applying the single forces separately.



Betti's and Maxwell's Reciprocity Theorems

Consider a linear elastic solid that is in equilibrium under the
action of two external forces F; and Fy. Since the order of
application of the forces is arbitrary, we suppose that force Fj is
applied first. Let W; be the work produced by Fj. Then, we apply
force F5, which produces work W5. This work is the same as that
produced by force F5, if it alone were acting on the body. When
force F5 is applied, force FY, which is already acting on the body,
does additional work, because its point of application is displaced,
owing to the deformation caused by force F5. Let us denote this
work by Wia. Thus the total work done by the application of
forces Iy and I3 is

W =Wy + Wy + Wio.

Work W1a, which can be positive or negative, is zero if and only if
the displacement of the point of application of force F} produced
by force Fy is zero or is perpendicular to the direction of Fj.



Betti's and Maxwell's Reciprocity Theorems

Now we change the order of application. Then the total work done
is equal to o
W:W1+W2+W217

where Woy is the work done by force F5, because of the
application of force Fj. The work done in both cases should be the
same because, at the end, the elastic body is loaded by the same
pair of external forces. Thus we have

W:W or W12 :ng.

This equation is a mathematical statement of the Betti's
reciprocity theorem.



Betti's and Maxwell's Reciprocity Theorems

Applied to a three-dimensional elastic body, the previous equation
takes the form

Q Sa Q Sa

where 7; are the displacements produced by the body forces f; and
surface forces t;, and u; are the displacements produced by body
forces f; and surface forces t;. Hence, the Betti's reciprocity
theorem states: if a linear elastic body is subjected to two different
set of forces, the work done by the first system of forces in moving
through the displacements produced by the second system of forces
is equal to the work done by the second system of forces in moving
through the displacements produced by the first system of forces.



Betti's and Maxwell's Reciprocity Theorems

Consider a linear elastic solid subjected to force F 4 of unit
magnitude acting at point A and force F'p of unit magnitude
acting at a different point B of the body. Let uap be the
displacement of point A in the direction of force F 4 produced by
unit force F'g, and up4 be the displacement of point B in the
direction of force F'g produced by unit force F 4. From Betti's
theorem it follows that

Fy-uap=Fp-upa

or
UAB = UBA.

It is a statement of Maxwell's theorem, which states: if the
displacement uap of point A in the direction of unit force F'»
produced by unit force F' g acting at point B is equal to the
displacement upa of point B in the direction of unit force F'g
produced by a unit force F 4 acting at point A.



Variational Methods: Examples
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Variational Methods: Examples
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Variational Methods: Examples
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Variational Methods: Examples

) We tnd a Gudosantal seluliou of o poblane -

L%
IF §=1

/ PR

/ L

2 77777 y -a St @) .
~r - —

W = T Za @y T e

Wt =y - (_ﬂéx”u“gczmx?)

W = XA G e Al 2O

w' = ‘chqxﬂ G+ Cry
» - J\ZQXS* iZch"’itgx tC,

X=0: W-w'=0 =3yt~

x=2L: w'=o

o=qett, == G=-&t
B i

Ve f W ) CARK(paeoM e @) s |

CO NP AN
7\_%\*%&(%@{»_«2(m V=t = e A w5 @ (AN L <> [
1
- . & .t . _Cr =@
P R S b Al wa Al :

w k(O
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Variational Methods: Examples
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Variational Methods: Examples
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Variational Methods: Examples
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Variational Methods: Examples

#-———- [ 1=
fmmmmm [ Example 16 ]----—-
#-———- [ 1=
#-———- [ import library >sympy< J]-----
$o——— [ and setup best printing ]-----

import sympy as sp
sp.init_printing()

cl,c2,c3,c4=sp.symbols(’cl c2 c3 c4’)
d1,d2,d3,d4=sp.symbols(’dl d2 d3 d4’)
E,I,k=sp.symbols(’E I k’)
a,q,wB=sp.symbols(’a q w_B’)
x1,x2=sp.symbols(’x1 x27)



Variational Methods: Examples

#————- [ algebraic equations for constants 1-——-
#————- [ of the equations of the elastic curve ]-----
eqnl=c2
eqn2=cl

eqn3=-ExI*wB+sp.Rational (1,24)*q*a**4 \
+sp.Rational(1,6)*cl*a*x*3 \
+sp.Rational (1,2)*c2*a**2+c3*a+cd
eqnd=sp.Rational (1,2)*qg*a*x*2+cl*a+c2-d2
eqnb=sp.Rational (1,6)*g*a**3 \
+sp.Rational (1,2)*cl*a**x2+c2*a+c3-d3
eqn6=ExI*wB-d4
eqn7=sp.Rational(1,24)*q*a*x*4 \
+sp.Rational (1,6)*d1¥ax*3 \
+sp.Rational (1,2)*d2*a**2+d3*a+d4
eqn8=sp.Rational(1,6)*q*ax*3 \
+sp.Rational (1,2)*d1*a**x2+d2*a+d3
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$———— [ ... and their solution ]-----

sol=sp.solve([eqnl,eqn2,eqn3,eqnd, \
eqnb,eqné,eqn7,eqnd], \
[c1,c2,c3,c4,d1,d2,d3,d44])

print("cl=");sp.pprint(sol[c1])
print("c2=");sp.pprint(sol[c2])
print("c3=");sp.pprint(sol[c3])
print("c4=");sp.pprint(sol[c4])
print("d1=");sp.pprint(sol[d1])
print("d2=");sp.pprint(sol[d2])
print("d3=");sp.pprint (sol[d3])
print("d4=");sp.pprint(sol[d4])
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wl=1/E/I*(sp.Rational (1,24)*q*x1**4 \
+sp.Rational(1,6)*cl*x1**3 \
+sp.Rational (1,2)*c2*x1**2+c3*x1+c4)

w2=1/E/I*(sp.Rational (1,24) *q*x2x*4 \
+sp.Rational(1,6)*d1*xx2%*3 \
+sp.Rational (1,2)*d2*x2**2+d3*x2+d4)

wl =wil.subs({cl:soll[cl],c2:s01[c2], \
c3:s801[c3],cd:s01[c4l})

w2_=w2.subs({dl:so0l[d1],d2:s01[d2], \
d3:s01[d3],d4:s0l1[d4]})
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print ("\nwi=")

sp.pprint(sp.expand(wl_).collect(wB).collect(q/E/I))

print ("\nw2=")

sp.pprint (sp.expand(w2_) .collect(wB) .collect(q/E/I))

print ("\nwl’=")

sp.pprint(sp.expand(wl_.diff(x1)) \
.collect(wB).collect(q/E/I))

print ("\nw2’=")

sp.pprint (sp.expand(w2_.diff(x2)) \
.collect(wB).collect(q/E/I))
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print ("\nwl’’=")

sp.pprint (sp.expand(wl_.diff(x1,2)) \
.collect(wB).collect(q/E/I))

print ("\nw2’’=")

sp.pprint (sp.expand (w2_.diff(x2,2)) \
.collect(wB).collect(q/E/I))
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eqn=sp.integrate(q*wl_.diff (wB), (x1,0,a)) \
+sp.integrate(q*w2_.diff (wB), (x2,0,a))-k*wB \
-ExIxsp.integrate( \
wl_.diff(x1,2)*wl_.diff(x1,x1,wB),(x1,0,a)) \
-ExI*sp.integrate( \
w2_.diff(x2,2)*w2_.diff (x2,x2,wB), (x2,0,a))
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print ("\nUnit-displcament-method algebraic equations:")
sp.pprint (sp.expand(eqn) .collect (wB) .collect(q/E/I))

#————- [ ... and solution ]-----
sol=sp.solve(eqn,wB)

print ("wB=")
sp.pprint(sol[0])
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import matplotlib.pyplot as plt
import numpy as np

x=np.linspace(0,1,100);
yl=[wl_.diff(wB).subs({a:1,x1:ii}).evalf() for ii in x]
y2=[w2_.diff (wB) .subs({a:1,x2:1ii}) .evalf() for ii in x]
y3=[wl_.diff(x1,wB).subs({a:1,x1:ii}).evalf() \

for ii in x]
y4=[w2_.diff (x2,wB) .subs({a:1,x2:ii}).evalf() \

for ii in x]
yb=[wl_.diff(x1,x1,wB).subs({a:1,x1:ii}).evalf() \

for ii in x]
y6=[w2_.diff (x2,x2,wB) .subs({a:1,x2:ii}) .evalf () \

for ii in x]
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fig,

ax1

ax2.
.plot(x,y1,label="$\phi_{w_B}$’)
.plot(x,y3,label="$\phi_{w_B} \prime$’)
.plot(x,y5,label="$\phi_{w_B} " {\prime\prime}$’)
.plot(x,y2,label="$\phi_{w_B}$’)
.plot(x,y4,label="$\phi_{w_B} \prime$’)
.plot(x,y6,label="$\phi_{w_B} " {\prime\prime}$’)

ax1
ax1
ax1
ax2
ax?2
ax2

axl.
ax2.
axl.
ax2.
plt.

([ax1,ax2])=plt.subplots(nrows=1, \
ncols=2,sharey=True)

.set_title("$w_1(x)$")

set_title("$w_2(x)$")

set_xlabel ("$x/a$")
set_xlabel ("$x/a$")
legend ()

legend ()
savefig(’examplel6.png’)
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#-———- [ 1=
fmmmmm [ Example 17 ]----—-
#-———- [ 1=
#-———- [ import library >sympy< J]-----
$o——— [ and setup best printing ]-----

import sympy as sp
sp.init_printing()

cl,c2,c3,c4=sp.symbols(’cl c2 c3 c4’)
d1,d2,d3,d4=sp.symbols(’dl d2 d3 d4’)
E,I,k=sp.symbols(’E I k’)
a,q=sp.symbols(’a q’)
x1,x2=sp.symbols(’x1 x27)
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f#————- [ algebraic equations for constants ]-----
H#————- [ of the equations of the elastic ]-----
#-———— [ curve J-=
eqnl=cl
eqn2=c2

eqn3=sp.Rational (1,6)*cl*a**3 \

+sp.Rational (1,2)*c2*a*x*2+c3*a+cd4-d4
eqné4=sp.Rational (1,2)*cl*a**2+c2*a+c3-d3
egqnb=cl*a+c2-d2
eqn6=c1-d1+1-ExIxk*(sp.Rational(1,6)*cl*a**3 \

+sp.Rational (1,2)*c2*a**2+c3*a+cd)
eqn7=sp.Rational(1,6)*dl*a**3 \

+sp.Rational (1,2)*d2*a**2+d3*a+d4
eqn8=sp.Rational(1,2)*d1*a*x*2+d2*a+d3
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sol=sp.solve([eqnl,eqn2,eqn3,eqnd, \
eqnb,eqné,eqn7,eqnd], \

[c1,c2,c3,c4,d1,d2,d3,d4])

print("c1=");sp.
print("c2=");sp.
print("c3=");sp.
print("c4=");sp.
print("d1=");sp.
print("d2=");sp.
print("d3=");sp.
print("d4=");sp.

pprint(sol[c1])
pprint (sol[c2])
pprint (sol[c3])
pprint (sol[c4])
pprint(sol[di])
pprint (sol[d2])
pprint(sol[d3])
pprint (sol[d4])
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wl=sp.Rational(1,6)*cl*x1**3 \
+sp.Rational (1,2)*c2xx1**x2+c3*x1+c4d

w2=sp.Rational (1,6)*d1*x2**3 \
+sp.Rational (1,2)*d2*xx2**x2+d3*x2+d4

wl_=wil.subs({cl:s0l[c1],c2:s01[c2], \
c3:s01[c3],c4:s01[c4]})

w2_=w2.subs({d1:s01[d1],d2:s01[d2], \
d3:s01[d3],d4:s0l1[d4]1})



Variational Methods: Examples

print ("\nwi=")
sp.pprint(sp.expand(wl_).collect(wB))
print ("\nw2=")
sp.pprint (sp.expand(w2_).collect(wB))

wB=sp.integrate(gq*wl_, (x1,0,a)) \
+sp.integrate(q*w2_, (x2,0,a))

print ("wB=")
sp.pprint(sp.simplify(wB))
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import matplotlib.pyplot as plt
import numpy as np

x=np.linspace(0,1,100);
xx=np.linspace(1,2,100);

yl=[wl_.subs({a:1,k:-2,1:1,E:1,x1:ii}).evalf() \
for ii in x]

y2=[w2_.subs({a:1,k:-2,1:1,E:1,x2:ii}).evalf () \
for ii in x]
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fig,ax=plt.subplots()

ax.set_title("Deflextion of beam under load $F_B=1$")
ax.invert_yaxis()

.plot(x,y1)

.plot (xx,y2)

a
a

Lol

ax.set_xlabel("$x/a$")
ax.set_ylabel("$wa~{-3}(3EI+a"3k)$")

plt.savefig(’examplel7.png’)
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#-———- [ 1=
fmmmmm [ Example 18 ]----—-
#-———- [ 1=
#-———- [ import library >sympy< J]-----
$o——— [ and setup best printing ]-----

import sympy as sp
sp.init_printing()

cl,c2,c3,c4=sp.symbols(’cl c2 c3 c4’)
d1,d2,d3,d4=sp.symbols(’dl d2 d3 d4’)
E,I,S,F=sp.symbols(’E I S F’)
a,wB=sp.symbols(’a w_B’)
x1,x2,x3=sp.symbols(’x1 x2 x3’)



Variational Methods: Examples

#————— [ algebraic equations for constants ]-----
#————- [ of the equations of the elastic ]-—--
e [ curve J====-
eqnl=c4
eqn2=c3

eqn3=-wB+sp.Rational (1,6)*cl*a**3 \
+sp.Rational(1,2)*c2*a**2+c3*a+cd

eqn4=-wB+d4

eqnb=sp.Rational (1,2)*cl*a*x*2+c2*a+c3-d3

eqné=cl*a+c2-d2

eqn7=dl*a+d2

eqn8=d1-F/E/I



Variational Methods: Examples

$———— [ ... and their solution ]-----

sol=sp.solve([eqnl,eqn2,eqn3,eqnd, \
eqnb,eqné,eqn7,eqnd], \
[c1,c2,c3,c4,d1,d2,d3,d44])

print("cl=");sp.pprint(sol[c1])
print("c2=");sp.pprint(sol[c2])
print("c3=");sp.pprint(sol[c3])
print("c4=");sp.pprint(sol[c4])
print("d1=");sp.pprint(sol[d1])
print("d2=");sp.pprint(sol[d2])
print("d3=");sp.pprint (sol[d3])
print("d4=");sp.pprint(sol[d4])
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wl=sp.Rational(1l,6)*cl*x1**3 \
+sp.Rational(1,2)*c2*x1**2+c3*x1+cd
w2=sp.Rational (1,6)*d1*x2**3 \
+sp.Rational(1,2)*d2*x2**2+d3*x2+d4
u3=wB*x3/2/a

wl =wl.subs({cl:s0llc1],c2:s01[c2], \
c3:s801[c3],cd:s01[c4]l})
w2_=w2.subs({dl:so0l[d1],d2:s01[d2], \
d3:s01[d3],d4:s0l1[d4]})
u3_=u3
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print ("\nwi=")

sp.pprint (sp.expand(wl_).collect(wB).collect(F))

print ("\nw2=")

sp.pprint (sp.expand(w2_) .collect (wB) .collect(F))

print ("\nu3=")

sp.pprint(sp.expand(u3_).collect(wB))

print ("\nwl’=")

sp.pprint(sp.expand(wl_.diff(x1)).collect(wB) \
.collect(F))

print ("\nw2’=")

sp.pprint (sp.expand(wl_.diff (x1)).collect(wB) \
.collect(F))

print ("\nu3’=")
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sp.pprint (sp.expand(u3_.diff (x3)).collect (wB))

print ("\nwl’’=")

sp.pprint (sp.expand(wl_.diff(x1,2)).collect(wB) \
.collect(F))

print ("\nw2’’=")

sp.pprint (sp.expand(w2_.diff(x2,2)).collect(wB) \
.collect(F))

print ("\nu3’’=")

sp.pprint (sp.expand(u3_.diff(x3,2)) \
.collect(wB))
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eqn=-F*w2_.diff (wB).subs(x2,a) \

+ExI*sp.integrate(wl_.diff (x1,2)*wl_.diff (x1,x1,wB), \
(x1,0,a)) \

+ExI*sp.integrate(w2_.diff (x2,2)*w2_.diff (x2,x2,wB), \
(x2,0,a)) \

+ExS#*sp.integrate(u3_.diff (x3)*u3_.diff(x3,wB), \
(x3,0,2%*a))

print ("\nUnit-displcament-method algebraic equations:")
sp.pprint (sp.expand(eqn))
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#————- [ ... and solution ]-----
sol=sp.solve(eqn,wB)

print ("wB=")
sp.pprint(sol[0])
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import matplotlib.pyplot as plt
import numpy as np

x=np.linspace(0,1,100);
xx=np.linspace(0,2,100);
yil=[wl_.diff(wB) .subs({a:1,x1:ii}).evalf() for ii in x]
y2=[w2_.diff (wB) .subs({a:1,x2:1i}) .evalf() for ii in x]
y3=[u3_.diff(wB) .subs({a:1,x3:ii}).evalf() for ii in xx]
y4=[wl_.diff(x1,wB).subs({a:1,x1:ii}).evalf() \

for ii in x]
yb=[w2_.diff (x2,wB) .subs({a:1,x2:ii}).evalf() \

for ii in x]
y6=[u3_.diff (x3,wB) .subs({a:1,x3:ii}).evalf() \

for ii in xx]
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y7=[wl_.diff(x1,x1,wB).subs({a:1,x1:ii}).evalf() \
for ii in x]

y8=[w2_.diff (x2,x2,wB).subs({a:1,x2:1ii}).evalf() \
for ii in x]

y9=[u3_.diff(x3,x3,wB) .subs({a:1,x3:ii}).evalf() \
for ii in xx]
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fig, ([ax1l,ax2,ax3])=plt.subplots(nrows=1,ncols=3, \
sharey=True,figsize=(18,6))

axl.set_title("$w_1(x)$")
ax2.set_title("$w_2(x)$")
ax3.set_title("$w_3(x)$")

axl.plot(x,yl,label="$\phi_{w_B}$’)
axl.plot(x,y4,label="$\phi_{w_B} \prime$’)
axl.plot(x,y7,label="$\phi_{w_B} {\prime\primel}$’)
ax2.plot(x,y2,label="$\phi_{w_B}$’)
ax2.plot(x,y5,label="$\phi_{w_B} \prime$’)
ax2.plot(x,y8,label="$\phi_{w_B} {\prime\prime}$’)
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ax3.plot (xx,y3,label="$\phi_{w_B}$’)
ax3.plot(xx,y6,label="$\phi_{w_B} " \prime$’)
ax3.plot (xx,y9,label="$\phi_{w_B} {\prime\primel}$’)

axl.set_xlabel("$x/a$")
ax2.set_xlabel("$x/a$")
ax3.set_xlabel ("$x/a$")

axl.legend()
ax2.legend ()
ax3.legend ()

plt.savefig(’examplel8.png’)
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#-———- [ 1=
fmmmmm [ Example 20 ]----—-
#-———- [ 1=
#-———- [ import library >sympy< J]-----
$o——— [ and setup best printing ]-----

import sympy as sp
sp.init_printing()

cl,c2,c3,c4=sp.symbols(’cl c2 c3 c4’)
d1,d2,d3,d4=sp.symbols(’dl d2 d3 d4’)
E,I=sp.symbols(’E I’)
a,F=sp.symbols(’a F’)
x1,x2=sp.symbols(’x1 x27)
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#————- [ algebraic equations for constants ]-----
#-———— [ of the equations of the elastic J-——
#-———- [ curve 1=
eqnl=c3
egqn2=c4

eqn3=sp.Rational (1,6)*cl*a*x*3+sp.Rational (1,2)*c2*a**2 \
+c3*at+c4-d4

eqnd=sp.Rational (1,2)*cl*a*x*2+c2*a+c3-d3

eqnb=cl*a+c2-d2

eqn6=c1-d1+1/E/I-S/I1/2/a*(sp.Rational(1,6)*cl*a*x*3 \
+sp.Rational (1,2)*c2*ax*2+c3*a+c4)

eqn7=d1l*a+d2

eqn8=d1l
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$———— [ ... and their solution ]-----

sol=sp.solve([eqnl,eqn2,eqn3,eqnd, \
eqn5,eqn6,eqn7,eqn8] ,
[c1,c2,c3,c4,d1,d2,d3,d44])

print("cl=");sp.pprint(sol[c1])
print("c2=");sp.pprint(sol[c2])
print("c3=");sp.pprint(sol[c3])
print("c4=");sp.pprint(sol[c4])
print("d1=");sp.pprint(sol[d1])
print("d2=");sp.pprint(sol[d2])
print("d3=");sp.pprint (sol[d3])
print("d4=");sp.pprint(sol[d4])
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wl=sp.Rational(1,6)*cl*x1**3 \
+sp.Rational (1,2)*c2xx1**x2+c3*x1+c4d

w2=sp.Rational (1,6)*d1*x2**3 \
+sp.Rational (1,2)*d2*xx2**x2+d3*x2+d4

wl_=wil.subs({cl:s0l[c1],c2:s01[c2], \
c3:s01[c3],cd4:s01[c4]})

w2_=w2.subs({d1:s01[d1],d2:s01[d2], \
d3:s01[d3],d4:s01[d4]})
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print ("\nwil=")
sp.pprint (sp.expand(wl_).collect(wB).collect(F))
print ("\nw2=")
sp.pprint (sp.expand(w2_) .collect (wB).collect(F))

wB=F*w2_.subs(x2,a)

print ("wB=")
sp.pprint (sp.simplify(wB))
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import matplotlib.pyplot as plt
import numpy as np

x=np.linspace(0,1,100);
xx=np.linspace(1,2,100);

yl=[wl_.subs({a:1,S8:-1,I:1,E:1,x1:ii}).evalf() \
for ii in x]

y2=[w2_.subs({a:1,8:-1,1:1,E:1,x2:ii}).evalf () \
for ii in x]
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fig,ax=plt.subplots()

ax.set_title("Deflextion of beam under load $F_B=1$")
ax.invert_yaxis()

a
a

"

.plot(x,y1)
.plot(xx,y2)

™

ax.set_xlabel ("$x/a$")
ax.set_ylabel ("$w(5Fa~3) "{-1}E(Sa~2+6I)$")

plt.savefig(’example20.png’)
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Deflextion of beam under load Fg =1
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