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Direct Variational Methods

In the principle of virtual displacements, the Euler equations are
the equilibrium equations, whereas in the principle of virtual forces,
they are the compatibility equations. The Euler equations are in
the form of differential equations that are not always tractable by
exact methods of solution. The direct variational methods usually
bypass the derivation of the Euler equations and go directly from a
variational statement of the problem to the solution of the Euler
equations. One of these methods is the Ritz method and the
Galerkin method.



Ritz Method

In the Ritz method, the displacements u; for ¢ = 1,2, 3 are
approximated by a finite combination of the form

n

wi(zy) ~ Ui(zg) = Z c;qﬁé(wk) + ob(x) (i, k=1,2,3),
j=1

where the parameters cz- must be determined by requiring that the
principle of virtual displacements hold for arbitrary variations of
these parameters.



Ritz Method

The functions ¢} (xy) and gzﬁé(a?k) must satisfy the following
requirements:

1.

#% (1) should satisfy the specified essential boundary
conditions associated with wu;(xg),

qﬁz(xk) for j =1,2,...,n must be continuous as required by
the variational principle being used,

qb;(:ck) for j =1,2,...,n satisfy the homogeneous form of
the specified essential boundary conditions,

. ¢t (zx) and ¢ (xx) must be linearly independent for m # n

and m,n=1,2,...,

- ¢%(xx) must be complete for j =1,2,....



Ritz Method

The functions ¢§(:pk) for j =0,1,... form an infinite basis of the
particular function space (a vector space in which vectors are
replaced by functions) on some finite domain = € Q. The above
mentioned combination of the requirements that these functions
qb}(:ck) must be as complete and sufficiently smooth as the
variational principle requires is generally very problematic from the
mathematical point of view. It is a great achievement of modern
mathematics that functional spaces satisfying this requirements
was found for the wide range of partial differential equations used
in mathematical physics.



Ritz Method

Since the natural boundary conditions of the problem are included
in the variational statement, we require the assumed displacements
Ui(z) to satisfy only the essential boundary conditions. For
convenience, we select gb;(xk) for j =1,2,... to satisfy the
homogeneous form and ¢} () to satisfy the actual form of the
essential boundary conditions. The general rule is that the
coordinate functions qb;(:rk) should be selected from an admissible
set, from the lowest order to a desirable order, without missing any
intermediate terms. The j-order components of the polynomials
¢%(xx) = 27 can be chosen in the case of the one-dimensional
problems of the elasticity.



Ritz Method
The equation

Ui(zp) = Y i (ze) + dp(zk) (i, k=1,2,3)

j=1

is used to compute approximate strains e;; which are then used to
compute the virtual work of the system in equilibrium given by the

expression
II=6(V+U)=0.
We obtain
" (o1l oIl oIl
(u1,u2,u3) ; (60} ¢+ 3%2 CJ + 36? CJ) 0,

where the variation du;(xy) were replaced by

ou;(xy) Zé qu k) (i,k=1,2,3).



Ritz Method

Since (5(:3. for j =1,2,...,n are arbitrary and independent, it
follows that

oIl
=0, (i=1,2,3, j=1,2,...,n).

J

Thus, we obtain 3n linearly independent simultaneous equations
for the 3n unknowns. Once ¢ are determined from the equations
above, the approximate displacements of the problem are given by

n

Us(ze) = Y i (i) + dp(zk) (i, k =1,2,3).
j=1

These displacements can be used to evaluate strains and stresses.



Ritz Method

Some general features of the Ritz approximations based on the
principle of virtual displacements are as follows

1. for increasing values of n, the previously computed coefficients
of the above mentioned algebraic equations remain unchanged
(provided the previously selected coordinate functions are not
changed), and one must add newly computed coefficients to
the system of equations,

2. if 411 is nonlinear in u;, the resulting algebraic equations will
also be nonlinear in the parameters c; To solve such
nonlinear equations, a variety of numerical methods are
available, such as the Newton-Raphson method, generally,

there is more than one solution to the equations,



Ritz Method

3. since the strains are computed from the approximate
displacements, the strains and stresses are generally less
accurate than the displacements,

4. the equilibrium equations of the problem are satisfied only in
the energy sense 611 = 0, not in the differential equation
sense, therefore the displacements obtained from the
approximation generally do not satisfy the equations of
equilibrium point-wise,

5. since a continuous system is approximate by a finite number
coordinates (or degree of freedom), the approximate system is
less flexible than the actual system, consequently, the
displacements obtained by the Ritz method converge to the
exact displacements from bellow, the displacements obtained
from the Ritz approximations based on the complementary
energy principle provide an upper bound for the exact solution.



Ritz Method

The Ritz method is not applicable for the problems with complex
geometry, external loadings and boundary conditions because it is
not possible to establish the adequate function space, in which the
solution should be found. On the other hand, the decomposition of
the problem to be solved into the set of the simplified ones
(elements) with respect to the geometry, loadings and boundary
conditions allows the Ritz method to be used very effectively. This
way of applying the Ritz method is known as the finite element
method.
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Direct Variational Methods: Examples

#-—-—- [ ]-——--

#-———— [ example 11 ]-----

#-———- [ 1-——--

#————— [ derivation of basis of function space ]-----
H#————- [ import of sympy, numpy and matplotlib libraries ]-

import sympy as sp
import numpy as np
import matplotlib.pyplot as plt

#————— [ initiation of quality printing ]-----
sp.init_printing()



Direct Variational Methods: Examples

c0,cl,c2,c3,c4,cb=sp.symbols(’cO cl c2 c3 c4 cb’)
x=sp.symbols(’x’)
a=sp.symbols(’a’)



Direct Variational Methods: Examples

#————- [ general form of basis functions ]-----

f=cO+cl*x+c2¥x**x2+c3*x**k3+cd*x*k*4+cE*x**5
#————- [ of solved problem 1-——-

eqni=f.subs(x,0)
eqn2=(f.diff (x)) .subs(x,0)

sol=sp.solve([eqnl,eqn2], [c0,c1])



Direct Variational Methods: Examples

#————- [ choosen

phi2=f.
phi3=f.
phid=f.

phib=f .

subs ({c0:
c2:
subs ({c0:
c2:
subs ({cO0:
c2:
subs ({cO0:
c2:

basis of functional space ]-----

s01[c0],cl:s0l[c1], \
1,¢3:0,c4:0,c5:0})
s01[c0],cl:s0l[c1], \
0,c3:1,c4:0,c5:0})
sol[cO],cl:sol[c1], \
0,c3:0,c4:1,c5:03})
sol[c0],cl:s0l[c1], \
0,c3:0,c4:0,c5:13})



Direct Variational Methods: Examples

print ("\nphi2=")
sp.pprint (phi2)
print ("\nphi3=")
sp.pprint (phi3)
print ("\nphi4=")
sp.pprint (phi4)
print ("\nphibs=")
sp.pprint (phib)

x_plot=np.linspace(0,3,100)
y2_plot=[]
y3_plot=[]
y4_plot=[]
y5_plot=[]



Direct Variational Methods: Examples

for ii in

y2_plot.
y3_plot.
y4_plot.
y5_plot.

x_plot:

append (phi2.
append (phi3.
append(phi4.
append (phi5.

subs({a:
subs({a:
subs({a:
subs({a:

:1i}))
:1i}))
:ii}))
:ii}))



Direct Variational Methods: Examples

fig,axs=plt.subplots(2,2,figsize=(11,11))
axs[0,0] .plot(x_plot,y2_plot)

axs[0,0] .set_title(r’$\phi_2(x)$’)
axs[0,0] .set_xlabel(r’$x/a$’)
axs[0,0].grid(True)

axs[0,1] .plot(x_plot,y3_plot)

axs[0,1] .set_title(r’$\phi_3(x)$’)
axs[0,1] .set_xlabel(r’$x/a$’)
axs[0,1].grid(True)



Direct Variational Methods: Examples

axs[1,0] .plot(x_plot,y4_plot)
axs[1,0].set_title(r’$\phi_4(x)$’)
axs[1,0].set_xlabel(r’$x/a$’)
axs[1,0].grid(True)
axs[1,1].plot(x_plot,y5_plot)
axs[1,1] .set_title(r’$\phi_5(x)$’)
axs[1,1].set_xlabel(r’$x/a$’)
axs[1,1].grid(True)
plt.savefig(’plot_examplell-1’)
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Direct Variational Methods: Examples

#-—mm [ J==-

#-———— [ example 11 ]-----

e [ I

H#————— [ solution found using Ritz method ]-----
#-———- [ import of sympy, numpy ]--—---

#————- [ and matplotlib libraries ]-----

import sympy as sp
import numpy as np
import matplotlib.pyplot as plt

sp.init_printing()



Direct Variational Methods: Examples

q,L,k=sp.symbols(’q L k’)
E,I=sp.symbols(’E I’)
x=sp.symbols(’x’)
c2,c3,c4=sp.symbols(’c2 c3 c4’)

phi2=x*%*2
phi3=x**3
phid=x**4



Direct Variational Methods: Examples

#-————— [ system of algebraic equations 1-———-
#-—- [ resulting from Hamilton’s principle ]-----

b22=sp.integrate (ExI*phi2.diff (x,2)*phi2.diff(x,2), \
(x,0,2+L)) \
+k*phi2.subs(x,2*L) *phi2. subs(x,2*L)
b23=sp.integrate (ExI*phi2.diff (x,2)*phi3.diff (x,2), \
(x,0,2*%L)) \
+k*phi2.subs(x,2+L)*phi3.subs(x,2*L)
b24=sp.integrate (ExI*phi2.diff (x,2)*phid4.diff(x,2), \
(x,0,2%L)) \
+k*phi2.subs(x,2*L) *phi4.subs(x,2*L)



Direct Variational Methods: Examples

b32=b23
b33=sp.integrate (ExI*phi3.diff (x,2)*phi3.diff(x,2), \
(x,0,2+L)) \
+k*phi3.subs(x,2*L) *phi3. subs(x,2*L)
b34=sp.integrate (ExI*phi3.diff (x,2)*phi4.diff (x,2), \

(x,0,2%L)) \
+k*phi3.subs(x,2+*L)*phi4.subs (x,2*L)
b42=b24
b43=b34

b44=sp.integrate (ExI*phid.diff (x,2)*phid.diff(x,2), \
(x,0,2%L)) \
+k*phi4d.subs(x,2*L) *phi4.subs(x,2*L)



Direct Variational Methods: Examples

f2=sp.integrate(q*phi2, (x,0,2+*L))
f3=sp.integrate(q*phi3, (x,0,2%L))
f4=sp.integrate(q*phi4, (x,0,2*L))
#————- [ matrix of algebraic eqautions ]-----

A=sp.Matrix([[b22,b23,b24], [b32,b33,b34], [b42,b43,b44]1])

H————— [ vector of right-hand 1-——--
#-———- [ side of algebraic equations ]-----

b=sp.Matrix (3,1, [f2,£3,f4])



Direct Variational Methods: Examples

$o——— [ solution using LU 1--—-
#-————— [ docomposition of matrix A 1-——-
$————o L (this method of symbolic solution  ]-----
#————- [ search is not efficient and difficult ]-----
$————m [ to handle in this case) 1-——-

sol=A.LUsolve(b)



Direct Variational Methods: Examples

eqnl=b22*c2+b23*c3+b24*c4-£f2
eqn2=b32*c2+b33*c3+b34*c4-£3
eqn3=b42*c2+b43*c3+bd4*cid-f4

sol=sp.solve([eqnl,eqn2,eqn3], [c2,c3,c4])

w=so0l[c2] *phi2+so0l [c3]*phi3+sol [c4]*phi4d

print ("\nw(x)=")
sp.pprint(sp.collect(sp.expand(w),x))



Direct Variational Methods: Examples

print ("\nw(2*xL)=")
sp.pprint (sp.simplify(w.subs(x,2*L)))

x_plot=np.linspace(0,3,100)
y_plot=[]

for ii in x_plot:
y_plot.append(w.subs (k,ExI/L**3) \
.subs({L:1,9:1,E:1,T:1,x:ii}))



Direct Variational Methods: Examples

fig,
.plot(x_plot,y_plot)
.invert_yaxis()

axs
axs

axs.
.set_ylabel (r’$wEI/qL"4$’)

axs

axs.
.grid(True)
plt.

axs

axs=plt.subplots()

set_xlabel(r’$x/a$’)
text(0.05,0.55,r’$k=EI/L"3$’)

savefig(’plot_examplell-27)
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Direct Variational Methods: Examples

#--——- [ 1===--

T S [ example 14 ]-----

#-———- [ J=mm-

S [ derivation of basis ]-----
#————— [ of function space J]-----
#————- [ import of sympy, numpy ]-----
#———- [ and matplotlib libraries ]-----

import sympy as sp
import numpy as np
import matplotlib.pyplot as plt



Direct Variational Methods: Examples

c0,cl,c2,c3,c4,c5,c6=sp.symbols(’cO cl c2 c3 c4 c5 c6’)
x=sp.symbols(’x’)
a=sp.symbols(’a’)



Direct Variational Methods: Examples

f=cO+cl*x+c2*xx*x*x2+c3*xx*x*x3 \
+chkxxk4+chkxkkB5+cBkx**B6

#————— [ of solved problem 1-———-
eqnl=f.subs(x,0)

eqn2=f .subs(x,3*a)
eqn3=(f.diff (x)) .subs(x,3*a)



Direct Variational Methods: Examples

sol=sp.solve([eqnl,eqn2,eqn3], [c0,cl,c2])

#———- [ choosen
phil=f.subs({cO:
c3:
phi2=f.subs({cO0:
c3:
phi3=f.subs ({cO0:
c3:
phid=f.subs({cO:
c3

basis of functional space ]-----

s0l[c0],cl:s0l[cl1],c2:s01[c2], \
1,c4:0,¢c5:0,c6:0})
s01[c0],cl:s0l[c1],c2:s01[c2], \
0,c4:1,c5:0,c6:0})
s01[c0],cl:s0l[c1],c2:s01[c2], \
0,c4:0,c5:1,c6:0})
s01[c0],cl:s0l[c1],c2:s01[c2], \
:0,c4:0,c5:0,c6:13})
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print ("\nphil=")
sp.pprint(phil)
print ("\nphi2=")
sp.pprint (phi2)
print ("\nphi3=")
sp.pprint (phi3)
print ("\nphid=")
sp.pprint (phi4)

x_plot=np.linspace(0,3,100)
y1_plot=[]
y2_plot=[]
y3_plot=[]
y4_plot=[]
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for ii in x_plot:

y1_plot.append(phil.subs({a:1,x:ii}))
y2_plot.append(phi2.subs({a:1,x:ii}))
y3_plot.append(phi3.subs({a:1,x:1i}))
y4_plot.append(phi4.subs({a:1,x:ii}))

fig,axs=plt.subplots(2,2,figsize=(11,11))
axs[0,0] .plot(x_plot,yl_plot)

axs[0,0] .set_title(r’$\phi_1(x)$’)
axs[0,0] .set_xlabel(r’$x/a$’)

axs[0,0] .grid(True)
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axs[0,1] .plot(x_plot,y2_plot)
axs[0,1] .set_title(r’$\phi_2(x)$’)
axs[0,1] .set_xlabel(r’$x/a$’)
axs[0,1] .grid(True)

axs[1,0] .plot(x_plot,y3_plot)
axs[1,0] .set_title(r’$\phi_3(x)$’)
axs[1,0].set_xlabel(r’$x/a$’)
axs[1,0].grid(True)

axs[1,1] .plot(x_plot,y4_plot)
axs[1,1] .set_title(r’$\phi_4(x)$’)
axs[1,1] .set_xlabel(r’$x/a$’)
axs[1,1].grid(True)
plt.savefig(’plot_examplel4-1’)
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#-—mm [ J==-

#-———— [ example 14 ]-----

e [ I

H#————— [ solution found using Ritz method ]-----
#-———- [ import of sympy, numpy ]--—---

#————- [ and matplotlib libraries ]-----

import sympy as sp
import numpy as np
import matplotlib.pyplot as plt

sp.init_printing()
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a,E,I=sp.symbols(’a E I’)
x=sp.symbols("x")

phil=x*(x-3%a)**2
phi2=x* (x-3%a)**2* (x+6*a)
phi3=x* (x-3%a) **2* (x*x*2+B*a*xx+27*a*x*2)
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e [ system of algebraic equations 1-——-
#————- [ resulting from Hamilton’s principle ]-----

bll=sp.integrate (ExI*phil.diff (x,2)**2,(x,0,3%a))
bl2=sp.integrate (ExI*phil.diff(x,2)*phi2.diff(x,2), \

(x,0,3%a))

b13=sp.integrate (ExI*phil.diff (x,2)*phi3.diff(x,2), \
(x,0,3%a))

b21=b12

b22=sp.integrate (ExI*phi2.diff (x,2)*phi2.diff (x,2), \
(x,0,3%a))

b23=sp.integrate (ExI*phi2.diff (x,2)*phi3.diff (x,2), \
(x,0,3%a))

b31=b13

b32=b23

b33=sp.integrate (ExI*phi3.diff (x,2)*phi3.diff(x,2), \
(x,0,3*a))
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bl=F*phil.subs(x,a)
b2=F*phi2.subs(x,a)
b3=F*phi3.subs(x,a)

b=sp.Matrix (3,1, [b1,b2,b3])



Direct Variational Methods: Examples

w=s0l[0] *phil+sol[1]*phi2+sol[2]*phi3

print ("\nw(x)=")
sp.pprint(sp.collect(sp.expand(w),x))

print ("\nw(a)=")
sp.pprint(sp.collect(sp.expand(w),x) .subs(x,a))
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x_plot=np.linspace(0,3,100)
y_plot=[]

for ii in x_plot:
y_plot.append(w.subs({a:1,F:1,E:1,I:1,x:1i}))

fig,axs=plt.subplots()
axs.plot(x_plot,y_plot)
axs.invert_yaxis()
axs.set_xlabel(r’$x/a$’)
axs.set_ylabel(r’$wEI/Fa~3$’)
axs.grid(True)
plt.savefig(’plot_examplel4-2’)
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#-———- [ 1=
#———— [ example 21 J==--
#-———- [ 1=
#————- [ derivation of basis of function space ]-----
I [ import of sympy, numpy J]---——-
S [ and matplotlib libraries ]-----

import sympy as sp
import numpy as np
import matplotlib.pyplot as plt

sp.init_printing()
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c0,c1,c2,c3,c4,c5,cb6=sp.symbols(’cO cl c2 c3 \

c4 c5 c6?)
x=sp.symbols(’x’)
a=sp.symbols(’a’)
#————- [ general form of basis functions ]-----

#-—— o [ solved problem -

eqnl=f.subs(x,0)
eqn2=(f.diff (x)).subs(x,0)
eqn3=f .subs (x,2*a)
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sol=sp.solve([eqnl,eqn2,eqn3], [c0,cl,c2])

#———- [ choosen
phi3=f.subs({cO0:
c3:
phid=f.subs({cO0:
c3:
phib=f.subs ({cO0:
c3:
phi6=f.subs({cO:
c3

basis of functional space ]-----

s0l[c0],cl:s0l[cl1],c2:s01[c2], \
1,c4:0,¢c5:0,c6:0})
s01[c0],cl:s0l[c1],c2:s01[c2], \
0,c4:1,c5:0,c6:0})
s01[c0],cl:s0l[c1],c2:s01[c2], \
0,c4:0,c5:1,c6:0})
s01[c0],cl:s0l[c1],c2:s01[c2], \
:0,c4:0,c5:0,c6:13})
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print ("\nphi3=")
sp.pprint (phi3)
print ("\nphi4=")
sp.pprint (phi4)
print ("\nphi5=")
sp.pprint (phib)
print ("\nphi6=")
sp.pprint (phi6)
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x_plot=np.linspace(0,2,100)
y3_plot=[]
y4_plot=[]
y5_plot=[]
y6_plot=[]

for ii in x_plot:

y3_plot.append(phi3.subs({a:1,x:ii}))
y4_plot.append(phi4.subs({a:1,x:1i}))
y5_plot.append(phi5.subs({a:1,x:ii}))
y6_plot.append(phi6.subs({a:1,x:ii}))
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fig,axs=plt.subplots(2,2,figsize=(11,11))
axs[0,0] .plot(x_plot,y3_plot)

axs[0,0] .set_title(r’$\phi_3(x)$’)
axs[0,0] .set_xlabel(r’$x/a$’)
axs[0,0].grid(True)

axs[0,1] .plot(x_plot,y4_plot)

axs[0,1] .set_title(r’$\phi_4(x)$’)
axs[0,1] .set_xlabel(r’$x/a$’)
axs[0,1].grid(True)
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axs[1,0] .plot(x_plot,y5_plot)
axs[1,0].set_title(r’$\phi_5(x)$’)
axs[1,0].set_xlabel(r’$x/a$’)
axs[1,0].grid(True)
axs[1,1].plot(x_plot,y6_plot)
axs[1,1] .set_title(r’$\phi_6(x)$’)
axs[1,1].set_xlabel(r’$x/a$’)
axs[1,1].grid(True)
plt.savefig(’plot_example21-1’)
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#-———- [ 1----
#-———- [ example 21 ==
#-———- [ 1=
#-———- [ solution found using Ritz method ]-----
#-———- [ import of sympy, numpy ]-----
#-———- [ and matplotlib libraries ]-----

import sympy as sp
import numpy as np
import matplotlib.pyplot as plt

sp.init_printing()
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a,E,I,g=sp.symbols(’a E I q’)

x=sp.symbols("x")

phi3=-2*a*xx**2+x%*3
phid=—4*a*x*x2*xx**2+x**4
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#-————- [ system of algebraic equations 1-—
#————- [ resulting from Hamilton’s principle ]-----

all=sp.integrate(ExI*phi3.diff (x,2)**2,(x,0,2%a))

al2=sp.integrate (ExI*phi3.diff (x,2)*phi4.diff (x,2),
(x,0,2%a))

a2l1=al?2

a22=sp.integrate (ExI*phid.diff (x,2)**2,(x,0,2%a))

bl=g*sp.integrate(phi3, (x,0,2%a))
b2=q*sp.integrate(phi4, (x,0,2*a))
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b=sp.Matrix (2,1, [b1,b2])

#-———- [ solution using ]
#-———- [ LU docomposition of matrix A ]-----

sol=A.LUsolve(b)
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w=s01[0] *phi3+sol[1]*phid

print ("\nw(x)=")
sp.pprint(sp.collect(sp.expand(w),x))

print ("\nw(a)=")
sp.pprint(sp.collect(sp.expand(w),x) .subs(x,a))
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x_plot=np.linspace(0,2,100)
y_plot=[]

for ii in x_plot:
y_plot.append(w.subs({a:1,q:1,E:1,I:1,x:1ii}))

fig,axs=plt.subplots()

axs.plot (x_plot,y_plot)
axs.invert_yaxis()
axs.set_xlabel(r’$x/a$’)
axs.set_ylabel(r’$wEI/qa~4$’)
axs.grid(True)
plt.savefig(’plot_example21-2’)
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Thank you!



